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Abstract. We study the dark matter from an inert doublet and a complex scalar singlet
stabilized by ZN symmetries. This field content is the minimal one that allows dimensionless
semi-annihilation couplings for N > 2. We consider explicitly the Z3 and Z4 cases and take
into account constraints from perturbativity, unitarity, vacuum stability, necessity for the
electroweak ZN preserving vacuum to be the global minimum, electroweak precision tests,
upper limits from direct detection and properties of the Higgs boson. Co-annihilation and
semi-annihilation of dark sector particles as well as dark matter conversion significantly
modify the cosmic abundance and direct detection phenomenology.
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1 Introduction
The ΛCDM model that explains 22% of the Universe’s energy density with non-baryonic
collisionless cold dark matter (DM) has turned out to give an excellent description of the
Universe at large scales [1]. The most popular candidates for the DM are weakly interacting
massive particles (WIMPs) [2–4] that are stable due to an imposed discrete symmetry. A
large class of models beyond the standard model (SM), such as supersymmetric models [5, 6],
correctly predict the observed DM abundance as a thermal relic density of WIMPs.
At the same time, there is an increasing number of experimental and observational hints
that the WIMP paradigm may not be realised in Nature in its simplest form. The negative
results in searches for DM direct [7–9] and indirect detection [10] severely constrain the
simplest DM models. The not yet conclusive cosmological observations (see [11] for a review)
suggest that the DM density profiles in the centres of galaxies and in dwarf galaxies, and the
masses of the biggest satellite halos, may significantly deviate from the results of N -body
simulations. Those hints may suggest that the DM freeze-out processes are non-standard, and
the DM interactions with baryons and with other DM particles may be more complicated
than the simplest models predict. In addition, the dark sector may have complicated dynamics
with more than one DM component. In light of those results studies of non-standard DM
dynamics in non-minimal models are well motivated.
The discovery of the Higgs boson at the Large Hadron Collider (LHC) [12, 13] has proven
that scalar particles play an important roˆle in fundamental physics. Since the nature of DM
is yet unknown, scalar DM models are among the best motivated DM scenarios [14–25]. The
latest studies show that the SM scalar potential is very close to the critical bound [26–29].
Scalar DM couplings to the Higgs boson, the so-called Higgs portal [30–33], can stabilise the
SM Higgs potential via its contribution to the running of Higgs quartic self-coupling [18, 34–
39] or via singlet threshold effects [40–42]. The scalar DM framework is also suitable for
constructing DM models based on Abelian ZN or non-Abelian (discrete) symmetries [24, 25,
43–53] that have non-standard freeze-out processes, such as semi-annihilations [46, 54–56],
that modify the predictions for the DM abundance and for its interactions with matter. Due
to the new type of processes the relations between DM annihilation cross sections and spin-
independent scattering cross section with nuclei are modified, explaining the present negative
results.
The aim of this work is to perform a comprehensive study of Z3 and Z4 scalar DM
models with semi-annihilation by scanning systematically over their full parameter space. We
consider models presented in [25] with scalar sectors that comprise, in addition to the Higgs
doublet, gauge singlet and doublet scalars. The Z4 model may have more than one species
of stable DM. The Z3 singlet model [24, 49] and the inert doublet model [20–23] with a Z2
symmetry are just limiting cases of this general framework. Since the new semi-annihilation
modes, DM + DM→ DM + SM, modify the DM freeze-out, our aim is to study the impact of
the non-standard physics on DM direct detection and on the LHC Higgs phenomenology in
those models. In particular, we study the possible deviations of the Higgs boson decay mode
to two photons, h→ γγ, from the SM prediction. As for the singlet model we found that the
main constraint from Higgs physics comes from the upper bound on the invisible width that
rules out the light DM scenarios. We also discuss the possibility of having direct signals from
two different DM candidates.
The layout of our paper is the following. We formulate ZN symmetric models and study
their field content in Section 2. The scalar potentials that give rise to semi-annihilations are
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presented in Section 3. We list the various experimental and theoretical constraints on those
models in Section 4. The results of our study for Z3 models are presented in Section 5 and for
Z4 models in Section 6. We conclude in Section 7. One loop β-functions for renormalisation
of our models are presented in Appendix B.
2 Conditions on ZN charges and potential terms
2.1 ZN symmetries
A field φ with ZN charge Xφ transforms under a ZN group as φ → ωXφφ, where ωN = 1,
that is ω = exp(i2pi/N). Since the addition of charges is modulo N , the possible values of ZN
charges can be restricted to 0, 1, . . . , N − 1 without loss of generality. Of course, for N > 2,
the field φ has to be complex to be charged under ZN . In general the field φ transformation
has to be complex unless N/Xφ = 2 when N is even.
A ZN symmetry can arise as a discrete gauge symmetry from breaking a U(1)X gauge
group with a scalar, whose X-charge is N [47, 57]. From the phenomenological point of
view, however, it may be impossible to distinguish different top-down assignments of discrete
charges to fields, since they can yield the same low energy scalar potential. For larger values of
N , the conditions the ZN symmetry impose on the Lagrangian approximate the original U(1)
symmetry for two reasons. For a given field content, the number of possible renormalisable
Lagrangian terms is limited and will be exhausted for some small finite N , although they will
appear in different combinations for different values of N . In addition, if the ZN symmetry
results from breaking a U(1)X , the discrete charges of particles cannot be arbitrarily large,
because that would make the model nonperturbative. The discrete charges of fields will equal
their U(1) charges if the latter are smaller than N , and the scalar potential will be the same
as in the unbroken U(1) in this case.
For Z2, the DM can have only one component, because the only possible discrete charge
XDM = 1 to keep DM from decaying into SM fields with X = 0. The same is true for Z3:
although the discrete charges can take values 0, 1, 2, one has 2 = −1 mod 3, so the dark
sector particles with X = 2 are just the antiparticles of those with X = 1. For both Z4 and
Z5, DM can have two components. In general, for ZN , it can have bN/2c components.
2.2 Field content of the minimal model
ZN symmetries with N > 2 can lead to new phenomena such as semi-annihilation [46, 54–56]
and dark matter conversion [58–60]. The simplest such model is the Z3 singlet scalar dark
matter [24, 49] where the cubic term of the singlet produces semi-annihilation – missing in
the well-studied Z2 case of the complex singlet [14–18].
In general, however, there must be more than one neutral particle in the dark sector
to give rise to different behaviour, in particular to multicomponent DM. The scalar sector
of the minimal dark matter model with both semi-annihilation and DM conversion contains,
in addition to the standard model Higgs boson H1, one extra scalar doublet H2 – similar
to the well-known inert doublet [20–23] – and one extra complex scalar singlet S. Note that
for such a field content even a Z2 symmetry yields qualitatively novel features concerning
dark matter phenomenology, electroweak symmetry breaking and collider phenomenology as
compared to the inert doublet model [61–67].
Because the only scalar field in the Standard Model is a doublet, the new doublet is
essential to write quartic semi-annihilation terms such as the λS12 term in eq. (3.2). The
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presence of the singlet is as essential, since it is impossible to allow only the λ6|H1|2H†1H2
term of the two Higgs doublet model (2HDM) for semi-annihilation without also allowing
the λ7|H2|2H†1H2 term which mixes the two doublets.1
2.3 Constraints on charge assignments
To allow the SM Yukawa terms of the Higgs H1, and to keep the DM stable, the discrete
charges must satisfy certain requirements. On one hand, the H1 Yukawa terms with u- and
d-type quarks and charged leptons must separately have zero discrete charge modulo N . From
a low energy point of view, however, we can simply set the charges of all standard model
fields to zero. On the other hand, we want to forbid the |H1|2S and other terms that lead to
mixing,2 together with Yukawa couplings for H2. Therefore, the discrete charges must satisfy
X1 = 0, X2 > 0, XS > 0. (2.1)
All possible scalar potentials contain a common piece V0 since under any ZN and for any
charge assignment each field can be paired with its Hermitian conjugate to form an invariant:
V0 = µ
2
1|H1|2 + λ1|H1|4 + µ22|H2|2 + λ2|H2|4 + µ2S |S|2 + λS |S|4
+ λS1|S|2|H1|2 + λS2|S|2|H2|2 + λ3|H1|2|H2|2 + λ4(H†1H2)(H†2H1).
(2.2)
2.4 Doublet-like DM
In case of mixing angle, θ, between the neutral components of the doublet and the singlet,
dark matter can be either doublet-like or singlet-like. In the first case, if DM is degenerate
with the next-to-lightest stable particle (NLSP) it can only contribute to a small fraction
of the relic density ΩDM because of the large coannihilation contribution due to the ZH
0A0
coupling, where H0 and A0 are the real and imaginary neutral components of H2. If dark
matter is singlet-like, the coannihilation cross section is suppressed by an additional factor
of sin2 θ . In this case even full degeneracy of DM and NLSP does not affect the relic density
significantly.
In the case of the doublet-like DM, there are three ways to lift the degeneracy between
the DM and the NLSP particle (we keep X1 for generality):
1. A nonzero µ′2SS
2 term (together with a µSHS
†H†1H2 or µ
′
SHSH
†
1H2 mixing term to
convey the mass gap from S to H2). If the N in the ZN is odd, the term is not allowed
due to XS > 0. For an even N , XS = N/2 is possible and, in addition, X2 = N/2 +X1
(or 1↔ 2) is needed.
2. A λ5(H
†
1H2)
2 term. A λ5 term can only be allowed for even N , because it transforms
as ω2(X1−X2) and as X1 6= X2, the exponent 2(X1−X2) cannot be zero modulo an odd
number such as 3.
3. Both the µSHS
†H†1H2 and µ
′
SHSH
†
1H2 terms. It is only possible to have both these
terms for an even N with XS = N/2 and X2 = N/2 +X1 (or vice versa). In this case
the µ′2S and λ5 terms are allowed as well.
1Here and below we use the standard 2HDM symbols for the interaction terms of the doublets.
2In principle either H1 and H2, or H1 and S could mix, leaving the other dark sector particle to be
the DM. However, in the models we study we demand no mixing with H1 to allow for a richer dark sector
phenomenology.
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None of these work for odd N , in which case the only possibility is singlet-like DM.
The semi-annihilation terms λS12H
†
1H2S
2 and λS21H
†
2H1S
2 are forbidden if both µSH
and µ′SH terms are allowed, nor can they coexist with the µ
′2
S term. Thus, for doublet-like
DM with semi-annihilation, the only option to lift degeneracy between the DM and NLSP
particle is a λ5 term.
2.5 Detour into SO(10)
The discrete ZN symmetry that stabilises dark matter may arise from breaking a U(1)X
subgroup of the gauge group of a grand unified theory (GUT) [68, 69]. One of the simplest
examples is SO(10) [70] which is broken down to the SM gauge group as SO(10)→ SU(5)×
U(1)X → SU(5) × ZN . There are two ways to combine the two U(1) subgroups of SO(10)
into hypercharge U(1)Y and U(1)X : standard SU(5) [69] and flipped SU(5) [71–73].
The SM matter fields and a heavy neutrino singlet can be put in a 16 of SO(10), and the
SM Higgs field in the 10 of SO(10). The minimal choice of representation to embed the com-
plex singlet and the new doublet in is a scalar 16. Under SU(5)×U(1)X the representations
decompose as
16 = 10161 + 5¯
16
−3 + 1
16
5 , (2.3)
10 = 510−2 + 5¯
10
2 . (2.4)
In standard SU(5), the relation to the SM fields is
5¯16−3 =
(
dc1 d
c
2 d
c
3 ν e
)T
L
,
((
u
d
)
L
ucL e
c
L
)
∈ 10161 , 1165 = νcL, (2.5)
where we have suppressed colour indices on fields in the 10.
The down-type and lepton Yukawa interactions are 10161 5¯
16−35¯102 and the up-type Yukawa
couplings are 10161 10
16
1 5
10−2. The SM Higgs is H1 ∈ 5¯102 .
S is the scalar analogue of the neutrino singlet in 1165 and H
†
2 is the scalar analogue
of the lepton doublet in 5¯16−3. Therefore the U(1)-charges of the scalar sector are XS = 5,
X1 = 2 and X2 = 3 (these are equal, modulo N , to the discrete ZN charges of the fields).
In flipped SU(5), the relation to the SM fields is
5¯16−3 =
(
uc1 u
c
2 u
c
3 ν e
)T
L
,
((
u
d
)
L
dcL ν
c
L
)
∈ 10161 , 1165 = ecL. (2.6)
The down-type Yukawa interactions are 10161 10
16
1 5
10−2, the lepton Yukawa interactions
are 1165 5¯
16−3510−2 and the up-type Yukawa couplings are 10161 5¯16−35¯102 . The SM Higgs is H1 ∈ 510−2.
Note that the doublet must be flipped too with respect to standard SU(5).
S is the scalar analogue of the neutrino singlet in 10161 and H
†
2 is the scalar analogue of
the lepton doublet in 5¯16−3. The U(1)-charges of the scalar sector are XS = 1, X1 = −2 and
X2 = 3, which are equal, modulo N , to the discrete ZN charges of the fields.
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3 ZN potentials
3.1 The Z2 potential
For the sake of completeness, we include the unique scalar potential symmetric under Z2:
V = V0 +
µ′2S
2
(S2 + S†2) +
µSH
2
(S†H†1H2 + SH
†
2H1)
+
µ′SH
2
(SH†1H2 + S
†H†2H1) +
λ5
2
[
(H†1H2)
2 + (H†2H1)
2
]
+
λ′S
2
(S4 + S†4) +
λ′′S
2
|S|2(S2 + S†2)
+
λ′S1
2
|H1|2(S2 + S†2) + λ
′
S2
2
|H2|2(S2 + S†2).
(3.1)
For the given dark sector of H2 and S, scalar potentials for higher ZN that do not contain
semi-annihilation terms will be equivalent to the potential (3.1) with some terms set to zero.
The Z2 potential (3.1) in the case of SO(10) GUT in which some interactions are
suppressed was studied in detail in [61–65]. Both H2 and S are odd under Z2 but only one
of them is dark matter.
3.2 Z3 potential with semi-annihilation
A Z3 potential that induces semi-annihilation processes is
VZ3 = V0 +
µ′′S
2
(S3 + S†3) +
λS12
2
(S2H†1H2 + S
†2H†2H1)
+
µSH
2
(SH†2H1 + S
†H†1H2),
(3.2)
invariant under e.g. the Z3 charges X1 = 0, X2 = XS = 1. Another such potential is obtained
from eq. (3.2) by substituting S → S† (with µSH → µ′SH and λS12 → λS21). From a low
energy point of view, the two potentials are indistinguishable. Both the standard SU(5), in
which case the Z3 charges of fields are XS = 2, X1 = 2, X2 = 0, and flipped SU(5), with
XS = 1, X1 = 1, X2 = 0, yield the potential obtained by S → S† in (3.2).
Our Z3 and Z4 lagrangians are invariant under hypercharge symmetry H1 → eiφYH1
and H2 → eiφYH2. We can use a hypercharge rotation of the doublets [74] to satisfy X1 = 0
and X2 > 0. For example, for standard SU(5), we can rotate the charges to XS = 1, X1 = 0,
X2 = −1 ≡ 2 mod 3, which upon replacing H1 and H2 with their conjugates gives XS = 1,
X1 = 0 and X2 = 1, which gives the Z3 scalar potential (3.2).
The µSH term in (3.2) induces mixing between the neutral components of H2 and S. In
terms of the mass eigenstates x1, x2, we have
H2 =
(
−iH±
x1 sin θ + x2 cos θ
)
, S = x1 cos θ − x2 sin θ. (3.3)
Considering the masses Mh, MH± , Mx1 , Mx2 and the mixing angle θ as free parameters of
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the model, we have
µ2S = M
2
x1 cos
2 θ +M2x2 sin
2 θ − λS1 v
2
2
, (3.4)
µSH = −4(M2x2 −M2x1)
cos θ sin θ√
2v
, (3.5)
µ21 = −
M2h
2
, (3.6)
µ22 = M
2
H± − λ3
v2
2
, (3.7)
λ1 =
1
2
M2h
v2
, (3.8)
λ4 =
(
M2x1 sin
2 θ +M2x2 cos
2 θ −M2H±
) 2
v2
. (3.9)
3.3 Z4 potential with semi-annihilation
The only potential for Z4 that contains semi-annihilation terms3 is
VZ4 = V0 +
λ′S
2
(S4 + S†4) +
λ5
2
[
(H†1H2)
2 + (H†2H1)
2
]
+
λS12
2
(S2H†1H2 + S
†2H†2H1) +
λS21
2
(S2H†2H1 + S
†2H†1H2),
(3.10)
invariant under e.g. the assignment of Z4 charges X1 = 0, X2 = 2, XS = 1. The dark sector
particles do not mix with each other, because S and H2 have different Z4 charges. As a result
this model has two dark sectors with the complex scalar S in the first one, and the second
one comprising the charged Higgs boson H± and the real scalars H0 and A0. Any of the
neutral particles with a non-zero Z4 charge can be a dark matter candidate. Considering the
masses of the scalars M2h , MH± , MS , MH0 and MA0 as independent parameters, we have
µ2S = M
2
S − λS1
v2
2
, (3.11)
µ21 = −
M2h
2
, (3.12)
µ22 = M
2
H± − λ3
v2
2
, (3.13)
λ1 =
1
2
M2h
v2
, (3.14)
λ4 =
(
M2A0 +M
2
H0
2
−M2H±
)
2
v2
, (3.15)
λ5 =
M2H0 −M2A0
v2
. (3.16)
3 The other four scalar potentials can formally be obtained from the Z2-invariant potential (3.1) by setting
all the new terms added to V0 to zero, with the exception of the 1) λ
′
S , µSH (this is the potential that emerges
from SO(10) for both standard and flipped SU(5)), 2) λ′S , µ
′
SH , 3) µ
′
S , λ
′
S , λ
′′
S , λ
′
S1, λ
′
S2, 4) µ
′
S , λ
′
S , λ
′′
S , λ
′
S1,
λ′S2, λ5, µSH , µ
′
SH terms.
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4 Experimental and theoretical constraints
4.1 Perturbativity
There are several possible definitions of perturbativity constraints on scalar quartic couplings.
In [36], for example, it was required that the contribution of each coupling λi to its own β-
function is less than unity so that the couplings do not run too fast. We follow [75], comparing
the couplings λi in the potential to the vertices in the Feynman rules for mass eigenstates.
Barring accidental cancellations, the vertex factors have to be smaller than 4pi to ensure
that the one-loop level quantum corrections are smaller than the tree level contributions.
For example, the quartic singlet self-interaction term λS |S|4 yields the vertex factor i 4λS .
Demanding that 4λS < 4pi gives λS < pi. If a quartic coupling λi in the potential occurs in
several vertices, we choose the strongest bound.
4.2 Perturbative unitarity
At high energy, the tree-level scalar-scalar scattering matrix is dominated by the quartic con-
tact interaction terms. The s-wave scattering amplitudes should not exceed the perturbative
unitarity limit for this partial wave, requiring that the eigenvalues of the S-matrix M must
be smaller than the unitarity bound given by
|ReM| < 1
2
. (4.1)
The unitarity bounds of the 2HDM were first studied in [76, 77]. We will extend the
formalism of [78, 79] for the 2HDM to states containing the singlet S. The initial states are
classified according to their total hypercharge Y (0, 1 or 2), weak isospin σ (0, 12 or 1) and
discrete ZN charge X. The Z3 unitarity bounds are reducible to those of the Z4 case, and
therefore we present only the latter.
For the sake of brevity, we list only the two sets of initial states which differ from the
2HDM initial states given in [78, 79]. The full set of possible initial states with hypercharge
Y = 1 and σ = 12 is
H2S
†, H1S,H1S†, H2S. (4.2)
The full set of possible initial states with hypercharge Y = 0 and σ = 0 is
1√
2
H†1H1,
1√
2
H†2H2, S
†S,
1√
2
S2,
1√
2
S†2,
1√
2
H†1H2,
1√
2
H†2H1, (4.3)
where the first three states have discrete Z4 charge X = 0 and the last four states have
X = 2.
We do present all the scattering matrices and bounds on their eigenvalues for the Z4
model. They reduce to the Z3 case with λ′S = 0, λ5 = 0, λS21 = 0. The scattering matrices
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are
8piSY=2,σ=1 =

2λ1 λ5 0
λ∗5 2λ2 0
0 0 λ3 + λ4
 , 8piSY=2,σ=0 = λ3 − λ4, (4.4)
8piSY=1,σ= 1
2
=

λS2 λS21 0 0
λ∗S21 λS1 0 0
0 0 λS1 λS12
0 0 λ∗S12 λS2
 , 8piSY=0,σ=1 =

2λ1 λ4 0 0
λ4 2λ2 0 0
0 0 λ3 λ
∗
5
0 0 λ5 λ3
 , (4.5)
8piSY=0,σ=0 =

6λ1 2λ3 + λ4
√
2λS1 0 0 0 0
2λ3 + λ4 6λ2
√
2λS2 0 0 0 0√
2λS1
√
2λS2 λS 0 0 0 0
0 0 0 λS λ
′
S λS21 λS12
0 0 0 λ′S λS λS12 λS21
0 0 0 λS21 λS12 λ3 + 2λ4 3λ
∗
5
0 0 0 λS21 λS21 3λ5 λ3 + 2λ4

. (4.6)
The eigenvalues ΛXY σi of the above scattering matrices (where i = ± or 1, 2, 3) can be
written as
Λ021± = λ1 + λ2 ±
√
(λ1 − λ2)2 + |λ5|2, (4.7)
Λ221 = λ3 + λ4, (4.8)
Λ220 = λ3 − λ4, (4.9)
Λ0,1
1 1
2
± =
1
2
(
λS1 + λS2 ±
√
(λS1 − λS2)2 + 4|λS21|2
)
, (4.10)
Λ2
1 1
2
± =
1
2
(
λS1 + λS2 ±
√
(λS1 − λS2)2 + 4|λS12|2
)
, (4.11)
Λ001± = λ1 + λ2 ±
√
(λ1 − λ2)2 + λ24, (4.12)
Λ201± = λ3 ± |λ5|, (4.13)
|Λ000 1,2,3| 6
1
3
(
6λ1 + 6λ2 + λS + 2 [36(λ
2
1 − λ1λ2 + λ22) (4.14)
−6(λ1 + λ2)λS + λ2S + 3(2λ3 + λ4)2 + 6(λ2S1 + λ2S2)]
1
2
)
,
Λ200+± =
1
2
(
λS + λ
′
S + λ3 + 2λ4 + 3λ5 (4.15)
±
√
(λS + λ′S − λ3 − 2λ4 − 3λ5)2 + 4(λS12 + λS21)2
)
,
Λ200−± =
1
2
(
λS − λ′S + λ3 + 2λ4 − 3λ5 (4.16)
±
√
(−λS + λ′S + λ3 + 2λ4 − 3λ5)2 + 4(λS12 − λS21)2
)
.
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Since Λ000 1,2,3 are too cumbersome to be presented in full, in (4.14) we have given an upper
bound on their absolute values by applying Samuelson’s inequality [80] to the characteristic
equation (in our numerical calculations we use the exact eigenvalues). The inequality arises
from the observation that a collection of n points is within
√
n− 1 standard deviations of
their mean. For the polynomial anx
n + an−1xn−1 + . . . + a1x + a0 with only real roots, the
roots lie in the interval bounded by
x± = −an−1
nan
± n− 1
nan
√
a2n−1 −
2n
n− 1anan−2. (4.17)
4.3 Vacuum stability
In order to have a finite minimum of the potential energy, the scalar potential has to be
bounded below, especially in the limit of large field values. The quadratic and cubic terms
are negligible in this limit and therefore it suffices to consider only the quartic terms to find
the constraints of vacuum stability. To ensure that the quartic potential is bounded below, we
write the matrix of quartic interactions in a basis of non-negative field variables and demand
this matrix to be copositive [81].
The Higgs doublet bilinears can be parameterised as [82]
|H1|2 = r21, |H2|2 = r22, H†1H2 = r1r2ρeiφ. (4.18)
The parameter |ρ| ∈ [0, 1] as implied by the Cauchy inequality 0 6 |H†1H2| 6 |H1||H2|. The
singlet can be written in the polar form as S = seiφS .
Then the quartic part of the Z4-symmetric potential (3.10) takes the form
VZ4 ⊃ λ1r41 + λ2r42 +
[
λ3 + (λ4 + λ5 cos 2φ)ρ
2
]
r21r
2
2 +
(
λS + λ
′
S cos 4φS
)
s4
+ s2
(
λS1r
2
1 + λS2r
2
2 + ρ [λS12 cos (φ+ 2φS) + λS21 cos (φ− 2φS)] r1r2
) (4.19)
We discuss only the Z4 case as its vacuum stability conditions reduce to the Z3 case with
λ′S = 0, λ5 = 0, λS21 = 0 and further cos(φ+ 2φS) = −1 so that the λS12 term can always be
chosen negative in (3.2). The parameters r21, r
2
2 and s
2 are non-negative and can be used as
a basis for the matrix of quartic couplings. If the potential has semi-annihilation terms, then
it contains terms with r1r2 besides r
2
1, r
2
2. This leads to an ambiguity in the matrix because
of r21r
2
2 = (r1r2)
2. In that case we define r1 = r cos γ, r2 = r sin γ, where 0 6 γ 6 pi2 is a free
parameter. In the vacuum stability conditions, the potential must be minimised with respect
to all free parameters such as φ, φS or γ.
For the Z4 case the necessary and sufficient vacuum stability conditions are
λ1 > 0, λ2 > 0, λS − |λ′S | > 0 (4.20)
λ3 + 2
√
λ1λ2 > 0, (4.21)
λ3 + λ4 − |λ5|+ 2
√
λ1λ2 > 0, (4.22)
and either the λS1 and λS2 terms dominate the semi-annihilation terms to make the term
proportional to s2 in (4.19) positive,
λS1 > 0, λS2 > 0, 2
√
λS1λS2 > |λS12|+ |λS21|, (4.23)
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or in the (r2, s2) basis the general vacuum stability condition√
Λ11Λ22 + Λ
2
12 > 0, (4.24)
where
Λ11 = λ1 cos
4 γ + (λ3 + (λ4 + λ5 cos 2φ)ρ
2) cos2 γ sin2 γ + λ2 sin
4 γ, (4.25)
Λ22 = λS + λ
′
S cos 4φS , (4.26)
Λ12 =
1
2
[
λS1 cos
2 γ + ρ(λS21 cos(φ− 2φS) + λS12 cos(φ+ 2φS)) cos γ sin γ (4.27)
+ λS2 sin
2 γ)
]
,
has to hold for all values of the parameters in the ranges 0 6 γ 6 pi2 , 0 6 |ρ| 6 1, 0 6 φ 6 2pi
and 0 6 φS 6 2pi. (In fact, the vacuum stability conditions for the Z3 case can also be found
analytically by minimising the condition (4.24) with respect to the free parameters. However,
the resulting expressions are extremely complicated.)
Note that in the special case γ = 0, pi2 , the vacuum stability condition
λS1 + 2
√
λ1(λS − |λ′S |) > 0, (4.28)
λS2 + 2
√
λ2(λS − |λ′S |) > 0, (4.29)
arise when two field directions at a time are non-zero (h or H0, A0 and S) as was the case in
(4.22).
4.4 Globality of the ZN -symmetric vacuum
The ZN -symmetric, EW-breaking vacuum has to be the global minimum of the scalar po-
tential.4 To check whether the correct vacuum is a global minimum, the solutions or a given
point in the parameter space will be substituted back in the scalar potential and compared
to each other. Below we give a classification of the stationary points of the scalar potentials
with the field content H1, H2, S.
In the general 2HDM there are three possible forms of vacua due to SU(2) invariance.
Via SU(2)L×U(1)Y transformations, the vacuum expectation values can always be reduced
to the form
〈H1〉 =
(
0
v1√
2
)
, 〈H2〉 =
(
v+
v2√
2
eiθ
)
, (4.30)
where v1,2,+ are real and θ = 0 when v+ 6= 0 (see [83]). In the classification of the extrema,
we extend the notation used for the inert doublet model in [84] by adding the index S to
the symbol when a singlet VEV is present (if only the singlet VEV breaks ZN , we prefix the
name of the vacuum by ‘non-’).
In the fully symmetric vacuum (EW) all VEVs are zero, while in the EW-symmetric
EWS , ZN is broken by the singlet VEV. In the inert vacuum I1, only the SM Higgs H1 gets a
VEV and the neutral component of H2 can be DM candidate – this is the vacuum which we
require to be the global minimum of the potential. ZN is broken by vS in the non-inert I1S .
4We do not consider metastability, but expect corrections to the allowed values of parameters to be of the
order of 10% as in [24].
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Table 1. Classification of the stationary points of the model.
Vacuum v1 v2 v+ vS
Fully symmetric EW
EW-symmetric EWS X
Inert I1 X
Non-inert I1S X X
Inert-like I2 X
Non-inert-like I2S X X
Mixed M X X
Mixed MS X X X
Charged CB X X X
Charged CBS X X X X
CP-violating CPS X X X
In the inert-like I2, the roˆles of H1 and H2 are reversed [84], except for the Yukawa couplings
of H1 that break ZN at loop level; in the non-inert-like I2S , ZN is already broken at tree
level by vS . In the mixed vacuum M both doublets get a VEV, and in MS the singlet gets a
VEV too. To have a charge-breaking vacuum, all the v1, v2 and v+ have to be nonzero and
vS can be zero (CB) or not (CBS). In a CP-violating extremum CPS there is a phase of θ
between the VEVs of H2 and H1.
In the 2HDM, the existence of a normal extremum I1, I2 or M that is a minimum implies
that it has lower potential energy than the charge-breaking or CP-violating vacua [85, 86].
It is not necessarily true when the model is extended with the singlet, since in a vacuum
with a singlet VEV the effective doublet mass terms can be different. Also note that the
CP-violating vacuum CPS does not exist in the pure inert doublet model and is enabled only
by vS 6= 0: the singlet VEV generates the necessary mixing term for H1 and H2.
Actual calculations are much simplified if in the scalar potential the doublet bilinears
H†iHj are expressed in terms of gauge orbit variables [87] (see also [88, 89]). All the bilinears
can be arranged into the Hermitian 2× 2 matrix
K =
(
H†1H1 H
†
2H1
H†1H2 H
†
2H2
)
, (4.31)
which is decomposed as
Kij =
1
2
(K0δij +Kaσ
a
ij), (4.32)
where σa are the Pauli matrices. The four real gauge orbit variables are
K0 = H
†
iHi, Ka = (H
†
iHj)σ
a
ij , a = 1, 2, 3. (4.33)
Positive semidefiniteness of the matrix K implies the ‘future light cone’ conditions
K0 > 0, K20 −K21 −K22 −K23 > 0. (4.34)
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Inverting (4.33), the potential can be written in terms of Kµ. Each term in the potential
is at most quadratic in Kµ which reduces the degree of the minimisation equations. Of the
solutions to the equations, only the stationary points that satisfy (4.34) are physical.
In terms of the doublet VEVs (4.30), the VEVs of the gauge orbit variables are given
by
〈K0〉 = v
2
1 + v
2
2 + v
2
+
2
, 〈K1〉 = v1v2 cos θ, 〈K1〉 = v1v2 sin θ, 〈K3〉 = v
2
1 − v22 − v2+
2
. (4.35)
One can see that the condition that the doublet VEVs preserve ZN is
K1 = K2 = 0 and K0 = K3. (4.36)
The vacua EW and EWS are in the tip Kµ = 0 of the doublet light cone. If we choose
µ21 = −M2h/2, then the SM Higgs mass is always negative at the tip and this point is by
construction never a minimum, but a saddle point.
The charge-breaking vacua are inside the forward light cone:
K0 > 0, K
2
0 −K21 −K22 −K23 > 0. (4.37)
This point is a minimum if in the basis (K0,K1,K2,K3,ReS, ImS), the leading principal
minors of the Hessian are all positive.
The vacua I1, I1S , I2, I2S , M, MS and CPS , where the full electroweak gauge group
SU(2)L × U(1)Y is broken into U(1)EM, are on the null surface of the future light cone:
K0 > 0, K
2
0 −K21 −K22 −K23 = 0. (4.38)
The latter condition is enforced by adding to the potential a Lagrange multiplier term
Vu = −u (K20 −K21 −K22 −K23 ). (4.39)
The inequality K0 > 0 in (4.37) has to be checked separately. This point is a minimum
if u > 0 and the last five leading principal minors of the bordered Hessian in the basis
(u,K0,K1,K2,K3,ReS, ImS) are all negative.
The vacuum expectation values can be calculated in analytical form in most of the
stationary points. For the extrema where the VEVs of both the doublets and the singlet are
all non-zero, we solve the minimisation equations numerically with the PHCpack equation
solver [90].
The solutions can then be substituted back in the scalar potential, and the global
minimum be found by the smallest value. We require the inert vacuum I1 to be the global
minimum. In addition, in order for the stationary point to be a (local) minimum, the scalar
masses or eigenvalues of the Hessian matrix at the stationary point have to be positive.
This requirement limits the size of µ′′S in the Z3 model as in [24] and requires µ2S , µ22 > 0.
For example, for the Z3 model µ22 > 0 translates via (3.7) into M2H± > λ3
v2
2 .
To ensure that we are in the inert and not in the inert-like vacuum, we must have
VI1 < VI2 or
− µ
4
1
4λ1
< − µ
4
2
4λ2
or M2h
v2
2
>
1
λ2
(
M2H± − λ3
v2
2
)2
. (4.40)
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4.5 Electroweak precision tests
The measurements of electroweak precision data put strong constraints on physics beyond
the SM. The latest electroweak fit by the Gfitter group [91] gives for the oblique parameters
S and T the central values
S = 0.03± 0.10, T = 0.05± 0.12, (4.41)
with a correlation coefficient of +0.89.
To calculate electroweak precision parameters S and T , we use the results for general
models with doublets and singlets [92, 93]. The usual loop functions are defined as
F (I, J) =
I + J
2
− IJ
I − J ln
I
J
, (4.42)
with F (I, I) = 0 in the limit of J → I, and
G (I, J,Q) = −16
3
+
5 (I + J)
Q
− 2 (I − J)
2
Q2
+
3
Q
[
I2 + J2
I − J −
I2 − J2
Q
+
(I − J)3
3Q2
]
ln
I
J
+
r
Q3
f (t, r) ,
(4.43)
where
t ≡ I + J −Q and r ≡ Q2 − 2Q(I + J) + (I − J)2, (4.44)
f (t, r) ≡

√
r ln
∣∣∣ t−√rt+√r ∣∣∣ ⇐ r > 0,
0 ⇐ r = 0,
2
√−r arctan
√−r
t ⇐ r < 0.
(4.45)
In terms of these functions, the non standard model contributions to the S and T
parameters for the Z3 invariant potential (3.2) are
∆S =
1
24pi
[
(2s2W − 1)2G(M2H± ,M2H± ,M2Z) + cos4 θ G(M2x2 ,M2x2 ,M2Z)
+ 2 sin2 θ cos2 θ G(M2x1 ,M
2
x2 ,M
2
Z) + sin
4 θ G(M2x1 ,M
2
x1 ,M
2
Z)
+2 sin2 θ lnM2x1 + 2 cos
2 θ lnM2x2 − 2 lnM2H±
]
≈ 1
24pi
[
(2s2W − 1)2G(M2H± ,M2H± ,M2Z) +G(M2x2 ,M2x2 ,M2Z)
+2 lnM2x2 − 2 lnM2H±
]
,
(4.46)
and
∆T =
1
16pi2αv2
[
sin2 θ F (M2H± ,M
2
x1) + cos
2 θ F (M2H± ,M
2
x2)
− sin2 θ cos2 θ F (M2x1 ,M2x2)
]
≈ 1
16pi2αv2
F (M2H± ,M
2
x2) ≈
1
16pi2αv2
2
3
(M2H± −M2x2)2
M2x2 +M
2
H±
,
(4.47)
where in the limit of vanishing θ only the middle term survives. We see that the T parameter
is in general positive and that MH± cannot be too different from Mx2 .
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For the Z4 invariant potential (3.10), the complex singlet does not mix with the neutral
components of the doublet and does not contribute to the EWPT at 1-loop level. The S
parameter is
∆S =
1
24pi
[
(2s2W − 1)2G(M2H± ,M2H± ,M2Z) +G(M2H0 ,M2A0 ,M2Z)
+ lnM2A0 + lnM
2
H0 − 2 lnM2H±
]
.
(4.48)
For the T parameter, we reproduce the result of [22]:
∆T =
1
32pi2αv2
[
F (M2H± ,M
2
H0) + F (M
2
H± ,M
2
A0)− F (M2H0 ,M2A0)
]
. (4.49)
4.6 LEP limits
The results of precision measurements at the Large Electron-Positron Collider (LEP) exclude
decays of the SM Z and W± bosons into invisible particles, requiring [94, 95] MH±+MH0,A0 >
MW± and MH0 +MA0 , 2MH± > MZ . The searches for charginos and neutralinos have allowed
to derive two additional indirect bounds: MH± > 70− 90 GeV [96] and exclusion of masses
in the region [97]
MH0 < 80 GeV ∧ MA0 < 100 GeV ∧ MA0 −MH0 > 8 GeV. (4.50)
4.7 Higgs diphoton signal and invisible decays
In these models the Higgs couplings are SM-like, except for the radiatively generated diphoton
coupling which can receive a contribution from the charged Higgs. Modifications to the h→
γγ rate are expected to be large only for a light charged Higgs, as in the inert doublet model
[95, 98–101].
The fit to the latest experimental data from TeVatron [102], ATLAS [103–108] and CMS
[109–121] gives for the diphoton rate
Rγγ = 1.06± 0.10, (4.51)
if all the other rates are fixed to their SM values [122].
Furthermore there is the possibility of invisible Higgs decays with the 125 GeV Higgs
decaying into the singlet or scalar/pseudoscalar components of the doublet: the invisible
branching ratio is BRinv < 0.24 at 95% C.L. [122, 123]. In the Z3 model this range is most
likely ruled out by direct detection as seen previously in the Z3 singlet dark matter model
[24]), while a large invisible rate can be generated in the Z4 model as will be discussed below.
4.8 Cosmic density of dark matter
The PLANCK collaboration has recently released results for the cosmological parameters, in
particular for the DM relic density [1]. When averaged with the WMAP-9 year data [124],
it leads to the very precise value
Ωh2 = 0.1199± 0.0027. (4.52)
We will use the 3σ range below.
To compute the relic density in the Z3 model, we use micrOMEGAs_3.5 which takes
into account all annihilation, coannihilation and semi-annihilation channels [125]. Final states
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with virtual gauge bosons that can be present in (co-)annihilation and semi-annihilation
processes are also included.
In the Z4 model there can be two dark matter candidates: the singlet with X = 1 and
the lightest component of the doublet, H0, A0, with X = 2. To compute the relic density, we
use the generalized equations for the abundance Yi = ni/s:
3H
dY1
ds
= σ1100v
(
Y 21 − Y 21
)
+ σ1120v
(
Y 21 − Y2
Y
2
1
Y 2
)
+ σ1122v
(
Y 21 − Y 22
Y
2
1
Y
2
2
)
, (4.53)
3H
dY2
ds
= σ2200v
(
Y 22 − Y 22
)
− 1
2
σ1120v
(
Y 21 − Y2
Y
2
1
Y 2
)
+
1
2
σ1210v Y1
(
Y2 − Y 2
)
+σ2211v
(
Y 22 − Y 21
Y
2
2
Y
2
1
)
, (4.54)
where σabcdv stands for the thermally averaged cross section 〈σv〉 for the reactions ab → cd,
a, b, c, d = 0, 1, 2 represent any particle with a given X (SM particles have X = 0), and
Y a are the equilibrium abundances. In σ
abcd
v all annihilation and coannihilation processes
are taken into account as well as annihilation into virtual gauge bosons. Semi-annihilation
processes include all those where 2 DM particles annihilate into one DM and one standard
particle, specifically σ1110v , σ
2220
v , σ
1120
v and σ
1210
v . The method of solution for these equations
as implemented in micrOMEGAs is described in [25] and [126].
The abundances Y1 and Y2 will be modified by the interactions between the two dark
sectors. After the light DM freezes-out interactions such as hh → ll lead to a decrease of the
abundance of the heavy component h and to an increase in the light component l . Such is
also the case for semi-annihilation processes of the type hh → l 0 (or its reverse h0→ ll ). The
semi-annihilation process 12 → 10 has no influence on Y1 while leading to a decrease of Y2.
Note that this process is always kinematically open unless the only SM particle in the final
state is heavier than H0, A0. Finally, semi-annihilations involving only particles of a given
sector always lead to a decrease of the abundance of the corresponding dark matter.
4.9 Dark matter direct detection
The best upper limit on the spin independent (SI) scattering cross section on nuclei has been
obtained by the LUX experiment [9]: σSI < 7.6×10−46 cm2 for MDM = 33 GeV. We also show
the results from XENON100 (2012) [8]. Future detectors such as SuperCDMS(SNOLAB)
[127], XENON1T [128] or LZD [129] will increase the sensitivity by one to four orders of
magnitude.
To compute the model predictions for the SI cross section we use micrOMEGAs_3.5,
and we assume that both DM and anti-DM have the same local density. In the Z3 model,
the DM candidate x1 a mixture of the complex doublet and singlet scalar and there can be
large differences in the scattering rate on protons and neutrons. To compare directly with
the experimental limits, which are obtained assuming isospin conservation, we compute the
normalised cross section of DM on a point-like nucleus (that we take to be xenon)
σxXeSI =
4µ2x
pi
(Zfp + (A− Z)fn)2
A2
(4.55)
where x denotes the DM candidate, µx the reduced mass, fp, fn the amplitudes for protons
and neutrons, and the average over x and x∗ is assumed implicitly.
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In the Z4 model with two dark matter candidates, we also compute the normalised cross
section on xenon for each dark matter candidate after rescaling by the relative density of each
component.
4.10 Dark matter indirect detection
The annihilation of DM in the Milky Way halo can lead to excesses in the cosmic ray fluxes
(photons, positrons, antiprotons) that provide indirect evidence for DM. The measurements
of the gamma-ray flux from Dwarf Spheroidal Galaxies by the Fermi-LAT satellite provide
the most stringent constraint for light DM annihilating into bb or ττ [130]. The canonical
cross-section, 〈σv〉 ≈ 3 × 10−26 cm3/s is ruled out for DM masses below 30 GeV [131]. For
heavier DM, the measurements of the antiproton flux from PAMELA [132], for the MED
set of propagation parameters [133] have roughly the same sensitivity as Fermi-LAT, with a
limit of σv ≈ 10−25 cm3/s for a DM mass of 200 GeV in the bb, ττ or WW channels [134].
Since in our models the light masses are severely constrained by the Higgs invisible width we
will in the numerical analysis consider only the PAMELA limit from antiprotons and we will
assume the MED set of propagation parameters.
The measurements of the positron spectra by PAMELA and AMS are very powerful to
constrain models which favour DM annihilation into e+e− or τ+τ− pairs, this is not the case
in our models, we will therefore not consider these signatures.
5 Results for the Z3 model
To explore the phenomenology of the model, we perform a random scan over the parameter
space. The masses and the cubic term are generated with uniform distribution in the ranges
1 GeV < Mx1 < 1000 GeV, 1 GeV < Mx2 ,MH± < 2000 GeV, 0 GeV < µ
′′
S < 3500 GeV, and
124 GeV < Mh < 127 GeV. The range of the mixing angle θ between the neutral components
of H2 and S is 0 6 θ 6 pi/2 and we choose Mx1 < Mx2 without loss of generality. In practice,
we take the mixing angle in the range 0 6 θ 6 0.06 with uniform distribution. This guarantees
that the DM candidate x1 is dominantly singlet-like and so does not lead to a too large direct
detection rate.
The quartic couplings are generated with triangular distribution (with the mode at zero)
in the ranges allowed by perturbativity:5
|λ1| < 2pi
3
, |λ2| < pi, |λ3| < 4pi, |λ4| < 4
√
2pi, |λ3 + λ4| < 4pi,
|λS | < pi, |λS1| < 4pi, |λS2| < 4pi, |λS12| < 4pi,
(5.1)
except for λ4 from (3.9) and λ1 from (3.8), the perturbativity of which is subsequently
checked.
We then apply the unitarity, vacuum stability and globality bounds, the upper limit
on the Higgs invisible decays, the 3σ range for the DM relic density and the 3σ range for
the electroweak precision parameters S and T . We present results for points that satisfy this
set of constraints. We thten compute the Higgs diphoton signal strength as well as the DM
direct detection rate and self-annihilation cross section relevant for indirect detection.
To emphasize the role of semi-annihilation on the DM properties in the model, we will
present our results with a colour code characterising the fraction of semi-annihilation defined
5Since the mixing is very small, we ignore it in the derivation of the perturbativity bounds.
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as
α =
1
2
vσxx→x∗X
vσxx∗→XX + 12vσ
xx→x∗X , (5.2)
where x stands for x1, x2, H
+ and X for any SM particle. The dominant DM annihilation
processes lead to gauge boson and Higgs pairs while the dominant semi-annihilation process
is generally x1x1 → x1h which is is relevant for Mx1 > Mh. Other semi-annihilation processes
such as x1x1 → x2Z, x1x1 → x2h or x1x1 → H±W∓ can dominate when Mx2,H± < 2Mx1 .
When the singlet-doublet mixing is small these processes depend on λS12 and/or µ
′′
S . For
small mass differences between x1 and x2 (and/or H
±) coannihilation occurs and new semi-
annihilation processes become possible, for example x1x2 → Zx1, hx1 or even x1H+ →
x1W
+.
In figure 1 we show the regions allowed by our set of constraints in the planes λS1,
µ′′S and λS12 vs. Mx1 . Basically it is possible to satisfy the Planck constraint for any mass
of DM, while the upper bound on the Higgs invisible decay rules out all DM masses below
≈ 50 GeV. The same range of masses are also incompatible with the upper limit on the
direct detection rate as will be discussed in Section 5.2. Similarly to the case of the pure
Z3 singlet DM [24], the relic density constraint determines the range of allowed values for
λS1/Mx1, the combination of parameters that control DM annihilation, while smaller values
of λS1 are possible when semi-annihilation is important. Significant contributions from semi-
annihilation is associated with large values for µ′′S and/or λS12, the former contributing to
the semi-annihilation process x1x1 → x∗1h (which is more important for relatively light DM
masses), while the latter to processes with the dominantly doublet Higgs in the final state,
these occur only if Mx2,H± + MSM < 2Mx1 where SM refers to the scalar or gauge boson
produced in the semi-annihilation process. The requirement that the SM vacuum be the
global one constrains the possible maximum value of µ′′S . A few benchmarks satisfying these
constraints are described in Appendix A.
5.1 Higgs and electroweak precision parameters
Figure 2 shows the results of the electroweak precision parameters S and T . Due to the
fact that the allowed mixing angle is very small, the parameters virtually do not depend
on the mass of the singlet-like DM. The constraint on the T parameter basically imposes
|MH± −Mx2 | . 120 GeV on the mass splitting of H± with the doublet-like neutral scalar
x2. Therefore although it restricts the parameter space there is no direct correlation with
other observables, in particular the spin-independent direct detection cross section σSI. In
the following figures we impose the 3σ constraint from the S and T parameters.
Figure 3 shows the h → γγ signal strength (normalised to the SM) vs. the DM mass.
The rate is systematically below the current average, and generally within the 2σ error band.
Nevertheless there can be larger deviations from the SM for low DM masses. Note that here
the constraint from invisible Higgs width has been applied.
5.2 Dark matter observables
In figure 4 we show the results of the DM spin-independent cross section σSI vs. the DM
mass Mx1 . The colour variation from black to pink (black to light grey) shows the fraction of
semi-annihilation. The solid grey lines are the XENON100 (2012) [8] and LUX [9] exclusion
limits at 90% C.L. and the dashed grey lines are the projected 90% C.L. exclusion limits for
SuperCDMS(SNOLAB) [127], XENON1T [128] or LZD [129] (which will be at the limit of
liquid xenon based experiments).
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Figure 1. Top: The Higgs-singlet coupling λS1 that determines the DM annihilation cross section
vs. Mx1 . Middle and bottom: The parameters that bring about semi-annihilation, µ
′′
S and |λS12|, vs.
Mx1 . The colour code shows the fraction of semi-annihilation α.
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Figure 2. Electroweak precision parameters ∆T vs. ∆S for the Z3 model. The grey regions show the
1, 2, and 3 σ bounds [91]. The colour code shows the fraction of semi-annihilation α.
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Figure 3. The h→ γγ rate for the Z3 model normalised to the SM. The thick grey line is the central
value from a combined fit of collider data, the coloured bands show 1, 2, and 3 σ. The colour code
shows the fraction of semi-annihilation α.
The current LUX upper limit severely constrains Mx1 < 120 GeV as well as points with
a large doublet singlet mixing. As expected scenarios dominated by semi-annihilation lead
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Figure 4. Spin-independent direct detection cross section on xenon, σSI vs. Mx1 for the Z3 model.
The solid grey lines are the XENON100 (2012) [8] and LUX [9] exclusion limits at 90% C.L. and
the dashed grey lines are the projected 90% C.L. exclusion limits for SuperCDMS(SNOLAB) [127],
XENON1T [128] or LZD [129]. The colour code shows the fraction of semi-annihilation α.
to suppressed cross sections. Note also the dark points with small semi-annihilation but low
σSI at high DM masses. They correspond to co-annihilation – that is, the relic density is
dominated by self-annihilation of either x2 or H
± and the cross section for annihilation of
x1 is small, resulting in a small cross section with nucleons as well. Some of the points will
remain out of reach of Xenon1T.
We also investigate the indirect DM signatures in this model. The annihilation channels
for DM in the Galaxy are, as in the early Universe, often dominated by the bb, ττ,WW,ZZ
channels, with some contribution from the hh channel. The main new feature is the possibility
of semi-annihilation with final states such as x1Z, x1h or even x2Z, x2h or H
∓W±.
In figure 5 we show the results of the DM annihilation cross section, 〈σv〉 for v ≈ 10−3c,
the quantity relevant for indirect detection. We find that generally 〈σv〉 ≈ 3 (5)×10−26 cm3/s
when α→ 0 (1), although the predictions can span several orders of magnitude. In particular
〈σv〉 is suppressed when coannihilation dominates (indeed coannihilation is relevant only
for the computation of the relic density), while kinematic effects can lead to either a large
enhancement or suppression of the (semi-)annihilation cross section. This occurs when Mx1 ≈
Mx2/2. The cross section can be enhanced by more than one order of magnitude because of
the near resonant x2 exchange in the s-channel. Large suppression of 〈σv〉 can also be found
when the thermal annihilation relevant for the relic density benefits from a resonance effect
while the cross section at small velocities in the galaxy does not for kinematical reason.
The largest values of 〈σv〉 can potentially lead to a strong enhancement of the anti-
matter flux, in particular of the anti-proton flux. To ascertain the viability of all our scenarios
in a quantitative way, we have performed a χ2 fit to the data measured by PAMELA for
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Figure 5. Thermally averaged annihilation cross section 〈σv〉 vs. Mx1 for the Z3 model. The colour
code shows the fraction of semi-annihilation α.
energies between 10 − 100 GeV. To avoid large solar modulation effects we ignore the data
at lower energies. For the background we assume the analytical parametrisation in Ref. [133]
and determine the 95%C.L. allowed region by imposing that χ2 = χ2background + 4. Despite
the enhancement in the annihilation cross-section, we find that only a handful of points are
constrained for the MED propagation parameters [133]. This is because semi-annihilation
channels have only one SM particle in the final state decaying into anti-matter, hence a flux
reduced by a factor 2 and a softer anti-matter spectra with a shape similar to the one for DM
annihilation into a pair of SM particles (here typically Z or h). Furthermore the largest 〈σv〉
are found for DM masses above a few hundred GeV where indirect detection have a reduced
sensitivity. Note that for MIN propagation parameters our results are always compatible with
the background only hypothesis.
5.3 Renormalisation group running
The interaction couplings depend on the energy scale via renormalisation group equations
(RGEs). Due to the RGE running, above some scale Λ the model may become non-perturbative
or the scalar potential may not be bounded from below. At energies greater than Λ, new
physics, for example a Grand Unified Theory, is expected to appear to ensure that the full
theory is perturbative and stable up to the Planck scale.
Since we are interested in the influence of semi-annihilation on the relic density and
direct detection, we show in figure 6 the bounds on the λS1 vs. λS , λS12 vs. λS and λS12
vs. λS1 planes at the EW scale.
6 All the other couplings are set to zero with the exception
of, obviously, λ1, and 0 6 λ3, λS2 6 0.6 which are chosen to roughly maximise the scale of
6 Note that βλS12 ∝ λS12 since a non-zero λS12 means hard breaking of a global U(1). If λS12 is set to zero
at the EW scale, it will not be generated by radiative corrections at any other scale.
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Figure 6. Vacuum stability and perturbativity bounds for the Z3 model. The values of the couplings
are set at the EW scale. The black contour lines show the logarithm log10(Λ/1 GeV) of the combined
bound, while the white lines show the bound from perturbativity only. All the other couplings are
set to zero, except for λ3 (and for λS2 = λ3 for the right panel) which is chosen as to maximise the
bound.
vacuum stability of the model in each point (e.g. prevent the Higgs quartic coupling from
running to negative values). We use the SM two-loop β-functions for the gauge couplings and
the top Yukawa coupling and the one-loop β-functions for the scalar quartic couplings given
in Appendix B.
The white contour lines show the logarithm of the scale log10(Λ/1 GeV) where per-
turbativity is lost, while the black contour lines show the combined bound from loss of
perturbativity and vacuum stability.
A large fraction of semi-annihilation is associated with small values of λS1, figure 6
shows that the model can then be valid up to the GUT scale provided λS and λS12 are not
too large. In fact when semi-annihilation into doublet final states is dominant (recall that this
requires x2 not to be too heavy compared to x1), the value of |λS12| that produces maximal
semi-annihilation is about 0.5, therefore the model can be valid up to the GUT or Planck
scale. For light enough DM, large semi-annihilation rather arises from the cubic µ′′S term in
which case a large value of λS is needed in order to for the SM vacuum to be the global
minimum of the potential (see [24]) and perturbativity will be lost close to the TeV scale.
6 Results for the Z4 model
We perform a random scan over the parameter space. The masses are generated with uniform
distribution in the ranges 1 GeV < MS ,MH0 ,MA0 < 1000 GeV, 1 GeV < MH± < 2000 GeV,
and the Higgs mass 124 GeV < Mh < 127 GeV. We consider only the cases when MH0,A0 <
2MS , since otherwise the neutral doublet would decay before the freeze-out of S and the
situation would therefore be analogous to the one particle DM model. Here and below,
MH0,A0 ≡ min(MH0 ,MA0) stands for the mass of the lighter neutral component of the
doublet H2. The quartic couplings are generated with triangular distribution (with the mode
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at zero) in the ranges allowed by perturbativity:
|λ1| < 2pi
3
, |λ2| < 2pi
3
, |λ3| < 4pi, |λ4| < 4pi, |λ5| < 2pi,
|λ3 + λ4| < 4pi, |λ3 + λ4 ± λ5| < 4pi, |λ4 ± λ5| < 4pi, |λS | < pi, |λ′S | <
pi
3
,
|λS1| < 4pi, |λS2| < 4pi, |λS12| < 4pi, |λS21| < 4pi, |λS12 − λS21| < 2pi,
(6.1)
except for λ1, λ4 and λ5 which are derived from the free parameters, (3.14), (3.15) and (3.16),
for these the perturbativity condition is subsequently checked.
We then apply the unitarity, vacuum stability and globality bounds, the upper limit
on the Higgs invisible decays, the 3σ range for the DM relic density and the 3σ range for
the electroweak precision parameters S and T . We present results for points that satisfy this
set of constraints. We compute the Higgs diphoton signal strength as well as the DM direct
detection rate and self-annihilation cross section relevant for indirect detection.
6.1 Higgs and electroweak precision parameters
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Figure 7. Electroweak precision parameters ∆T vs. ∆S for the Z4 model. We show the 1, 2, and 3
σ contours [91]. The colour code shows Ω2/(Ω1 + Ω2).
Figure 7 shows the results of the electroweak precision parameters S and T . Since there
is no mixing between the singlet and doublet components, the S and T parameters depend
only on the latter. They tend to restrict the three mass splittings between H0, A0 and H±,
but cancellations in the parameters can occur for specific combinations of masses. Restricting
S and T to the 3σ range, however, does not directly exclude any specific region on e.g. the
direct detection plots.
Figure 8 shows the h → γγ signal strength (normalised to the SM) vs. MH0,A0 . For
higher masses the rate is between 0.9− 1.0, but higher or lower rates are possible for doublet
masses below 150 GeV. The allowed rates are similar to those of the inert doublet model (see
[101]).
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6.2 Dark matter observables
We find that most of the time the relic density is dominated by one or the other of the dark
sector. First note that for the doublet DM – as in the inert doublet model – annihilation
channels into gauge bosons are efficient and the relic density is typically too small unless the
DM mass is below the mass of W or above 500 GeV. For the singlet component the relic
density constraint can be satisfied over the full mass range [25] when ignoring the interactions
between the two dark sectors. The interactions between the two dark sectors influence this
picture.
Figure 9 shows the allowed region in the MH0,A0 − MS plane, the color code indi-
cate which is the dominant component from blue (singlet dominated) to orange (equal con-
tribution) to green (doublet dominated). In the different regions we have indicated some
benchmark points, numbered 1 to 6, which are also shown in plots below and described in
Appendix A. Typically the lighter component is dominant.
When S is the heavier DM component, both DM conversion and semi-annihilation,
notably SS → Hh, lead to a decrease in Y1 (see (4.53)), the DM is therefore usually dominated
by H0, A0, and falls into two regions one with MH0,A0 < 100 GeV the other with MH0,A0 >
500 GeV. These regions correspond roughly to the medium and high mass ranges of the inert
doublet model. However in some cases when the relic abundance of S falls in the measured
range, then the subdominant DM component, H0, A0 can have any mass, see the points below
the diagonal in figure 9.
When H0, A0 are heavier than S, both self-interactions and semi-annihilations tend to
reduce Y2, thus the relic density is typically dominated by the singlet. The lion’s share of the
points are quite similar to the model with a single complex singlet. As a result the doublet
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Figure 8. The h→ γγ rate vs. MH0,A0 for the Z4 model normalised to the SM. The thick grey line
is the central value from a combined fit of collider data, the coloured bands show 1, 2, and 3 σ. The
colour code shows Ω2/(Ω1 + Ω2).
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Figure 9. The allowed points on the MH0,A0 vs. MS plane. The colour code shows Ω2/(Ω1 + Ω2).
mass can span the whole range up to MH0,A0 < 2MS . Note that for both components to
contribute significantly (orange points in figure 9), their mass must be of the same order,
therefore they are restricted to the region MS ,MH0,A0 < 80 GeV and to the region between
300 GeV and 1000 GeV, otherwise the doublet component would be sub-dominant.
Annihilation of S depends on the λS1 coupling and annihilation of H
0, A0 respectively
on λL,R = λ3 + λ4 ± λ5. Dark matter conversion is mediated by the λS2 coupling and
the semi-annihilation couplings for H0, A0 are λShH0,ShA0 = λS12 ± λS21. In general, if the
lighter component dominates, the absolute value of its annihilation coupling is less than 0.5,
its (semi-)annihilation couplings and λS2 have a large range, while for the heavier component
to dominate, the latter must also be within 0.5.
In figure 10 we show the predictions for the SI cross section for each DM component
independently. The cross section has been rescaled by a factor Ωi/(Ω1 + Ω2) to take into
account the relative abundance of each DM component. On top, the SI cross section on
protons for the doublet component is displayed. As in the inert doublet model most of the
points where the DM mass is near the electroweak scale have a large cross section – exceeding
the current bounds – this is so even when the doublet is a subdominant DM component (blue
points). Only a few points aroundMZ/2 orMh/2 remain below the current bound. For heavier
DM the current limits are generally satisfied. It is intriguing that we also find scenarios where
the doublet leads to a cross section detectable by the next generation of detectors even if it
forms a subdominant DM component. This means that direct detection experiments could
detect two DM components of different masses in this model.
In figure 10 (bottom) the SI cross section on xenon for the singlet component is dis-
played. As in the singlet DM model, the cross section exceeds the current limit for masses
below ≈ 100 GeV except for a few cases where MS ≈Mh/2. For higher masses the predictions
are below the current limit but mostly in a range accessible by future detectors such as Super-
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Figure 10. Normalised spin independent cross section on xenon for H0, A0 (top) and S (bottom).
The solid grey lines are the XENON100 (2012) [8] and LUX [9] exclusion limits at 90% C.L. and
the dashed grey lines are the projected 90% C.L. exclusion limits for SuperCDMS(SNOLAB) [127],
XENON1T [128] or LZD [129]. The colour code shows Ω2/(Ω1 + Ω2).
CDMS or XENON1T. The lowest cross sections can be related to strong semi-annihilation in
the singlet sector or simply to the fact that the abundance of the singlet component is small
(recall that points in green are doublet-dominated). Comparing both figures one can see that
points where both component have a comparable abundance typically lead to similar cross
sections, see e.g. points 1 and 5.
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Figure 11. Dominant spin independent cross section on xenon for either S or H0, A0. The solid grey
lines are the XENON100 (2012) [8] and LUX [9] exclusion limits at 90% C.L. and the dashed grey
lines are the projected 90% C.L. exclusion limits for SuperCDMS(SNOLAB) [127], XENON1T [128]
or LZD [129]. The colour code shows Ω2/(Ω1 + Ω2).
These two figures might give the impression that for many input parameters, DM would
escape direct detection. However, figure 11 which displays for each point in parameter space
the value of the largest σSSI or σ
H0,A0
SI , clearly shows that most of the model parameter space
leads to a signal that could be detected in the near future. Only some points remain out of
reach of the projected sensitivity of Xenon1T or even LZD.
In this model the 〈σv〉 relevant for indirect detection can be very large for either DM
candidate, however after rescaling by the fraction of DM density for each component, we
obtain 〈σv〉 ≈ 3×10−26 cm3/s. Therefore the limits from PAMELA on antiprotons are easily
satisfied.
6.3 Renormalisation group running
Without loss of generality, we consider here only H0 as the doublet component of DM,
because the RGEs are symmetric under the exchange of λL with λR and λShH0 with λShA0 .
There are four relevant parameters: λS1, λL, λS2 and λShH0 . We show the bounds on various
parameter planes at the EW scale in figure 12. The values of other couplings are set to zero,
except λ1, and λ2, λ3 and λS which are chosen to roughly maximise the scale of vacuum
stability of the model.
Each subplot can be thought of as relevant to a limiting case where only two of the
processes of annihilation of S and H0, DM conversion and semi-annihilation are relevant.
The top left panel corresponds to the bounds in the λL vs. λS1 plane in the special case
where interaction between the two sectors is negligible, but independent annihilation of S
and H0 ensures the correct relic density.
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Figure 12. Vacuum stability and perturbativity bounds for the Z4 model. The values of the couplings
are set at the EW scale. The black contour lines show the logarithm log10(Λ/1 GeV) of the combined
bound, while the white lines show the bound from perturbativity only.
The top middle panel corresponds to the bounds in the λS2 vs. λS1 plance in the case
where the singlet is lighter and H0 decays to the SM only via DM conversion to S. Similarly,
the panel at top right corresponds to the bounds in the λS2 vs. λL in the case where the
doublet component is lighter and S decays to the SM only via DM conversion to H0.
The bottom left panel shows the bounds in the λShH0 vs. λS1 plane for the case where
S is lighter and H0 decays into it via semi-annihilation; the bottom right panel shows the
bounds in the λShH0 vs. λS1 plane for the similar case where H
0 is lighter and S decays into
it via semi-annihilation.
For these special cases, except if S is lighter and H0 decays into it via semi-annihilation
(bottom left), one can find points with realistic relic density where the model is valid up to
the GUT scale. However, for generic points where all the quartic couplings are of O(1), for
most of the points the model loses perturbativity at about the TeV scale.
7 Conclusions
We have explored the phenomenology of an inert doublet and complex scalar dark matter
model stabilized by ZN symmetries, with explicit investigation of the Z3 and Z4 cases. The
new feature of these models as compared to the Z2 case is the possibility of semi-annihilation
and dark matter conversion. This has important consequences for all dark matter observables.
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In the Z3 model, semi-annihilation processes, e.g. x1x1 → x1h, can give the dominant
contribution to the relic abundance through the cubic (µ′′SS
3) or quartic (λS12S
2H†1H2) terms
in the scalar potential. This means that the λS1 parameter which sets the coupling of DM to
the Higgs and thus the direct detection cross section is not uniquely determined by the relic
density constraint as occurs in the Z2 model. Large semi-annihilation is therefore associated
with suppressed direct detection rate. While the bulk of the points will be testable by ton-scale
detectors, it is possible to satisfy the constraints from vacuum stability and globality of the
minimum of the potential with very small values of λS1 – hence to escape all future searches,
in particular when the DM is near the TeV range. The direct detection limits from LUX
almost completely rule out the region where dark matter masses are below 120 GeV since for
kinematic reasons the semi-annihilation does not play an important roˆle (the Higgs cannot
be produced in the final state). In this model, because there can be resonance enhancement
of the annihilation cross section in the Galaxy when the mass of the DM is tuned to be half
the mass of the doublet Higgs, the indirect detection cross section can be much enhanced as
compared to the canonical value. The semi-annihilation processes will however lead to softer
spectra since the DM particle in the final state drains part of the energy of the reaction.
Furthermore we have shown that the model can be perturbative up to the GUT scale even
with a large fraction of semi-annihilation.
Enlarging the symmetry to Z4 entails two dark sectors, hence two dark matter candi-
dates: a singlet and a doublet. In this case both semi-annihilation and dark matter conversion
significantly affects the dark matter phenomenology of the model. While this model shares
many characteristics of the inert doublet model especially when interactions between the two
dark sectors can be ignored, the presence of the singlet dark matter candidate means that
the doublet DM could only contribute to a fraction of the relic density (and vice versa). This
means in particular that the doublet DM can have any mass instead of being confined to be
at the electroweak scale or heavier than 500 GeV as in the inert doublet model.
We found that for the sub-dominant dark matter component, it is possible to have a de-
tectable signal in future direct detection experiments even after taking into account the frac-
tion of each component in the DM density. This occurs in particular when the sub-dominant
component is the doublet since it typically has a large direct detection rate. Furthermore
in some cases a detectable signal in future ton-scale experiments is predicted for each DM
component, opening up the exciting possibility of discovering two DM particles.
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A Benchmarks
Table 2. Benchmarks for the Z3 model. All masses and dimensionful parameters are in GeV.
Mx1 225.6 398.6 763.4
Mx2 615.4 655.5 1518.0
Mh 124.8 125.5 124.5
MH+ 731.8 642.2 143.0
θ 0.0253 0.0291 0.0103
µ′′S 271.1 329.5 793.2
λ2 1.588 2.263 1.400
λ3 5.446 1.615 -0.1986
λS 1.917 0.7888 1.280
λS1 −7.188× 10−3 7.374× 10−2 −4.874× 10−2
λS2 −1.803 7.715 −2.231
λS12 −2.6285 −0.3063 −0.4525
∆S −9.28× 10−3 1.01× 10−3 3.17× 10−3
∆T 6.09× 10−2 7.72× 10−4 3.50× 10−2
Rγγ 0.969 0.988 1.00
Ωh2 0.1172 0.1182 0.1203
α 0.982 0.819 0.976
σpSI (pb) 5.1× 10−11 2.8× 10−10 4.5× 10−11
σnSI (pb) 3.1× 10−9 5.6× 10−9 1.3× 10−10
σXeSI (pb) 9.8× 10−10 1.9× 10−9 7.1× 10−11
σv(cm3/s) 4.3× 10−26 3.8× 10−26 1.0× 10−25
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Table 3. Benchmarks for the Z4 model. All masses and dimensionful parameters are in GeV.
No. 1 2 3 4 5 6
MS 74.2 256.1 346.8 652.0 723.1 849.2
MH0 211.5 608.6 94.0 680.1 803.7 957.5
MA0 71.6 504.0 389.8 683.8 788.0 983.1
MH± 100.9 562.7 385.7 683.2 791.1 989.3
λ2 0.2207 0.8534 0.8984 0.9948 0.1942 0.7090
λ3 0.0203 2.077 4.275 6.378×10−3 −0.01815 2.026
λS 0.9007 1.012 2.174 1.782 1.022 1.392
λS1 0.2980 −0.1007 −0.1387 8.752 0.2366 0.3149
λS2 10.01 −0.8182 1.453 6.211 1.174 7.691
λS12 −0.3375 3.692 −3.489 0.6821 0.4821 −0.1650
λS21 0.7413 −1.179 −1.136 0.2624 0.04920 −0.3180
∆S 0.0201 −5.57×10−4 −0.0193 −0.0159 2.74×10−4 −1.06×10−3
∆T −0.0261 −0.0241 −9.65×10−3 −1.53×10−4 −3.51×10−4 1.78×10−3
Rγγ 0.992 0.980 0.913 1.00 1.00 0.994
Ω1h
2 0.06175 0.1130 3.664×10−4 2.071×10−4 0.0597 0.1187
Ω2h
2 0.06165 1.38×10−10 0.1209 0.1163 0.06737 5.536× 10−3
σXeSI,1 (pb) 1.4×10−7 1.3×10−9 1.4×10−9 1.6×10−6 9.2×10−10 1.2×10−9
σXeSI,2 (pb) 3.7×10−8 6.5×10−12 1.1×10−7 3.3×10−10 4.5×10−10 3.1×10−12
σ1v(cm
3/s) 1.6×10−25 2.2×10−26 8.6×10−24 1.8×10−23 4.9×10−26 3.0×10−26
σ2v(cm
3/s) 5.0×10−26 3.9×10−24 2.5×10−26 4.5×10−26 7.2×10−26 7.0×10−25
B One-loop β-functions
We present the β-functions for the Z4 potential (3.10). The β-functions for the Z3 potential
(3.2) can be obtained by setting λ′S = λ5 = λS21 = 0.
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The β-functions for the quartic couplings are
βλ1 = 24λ
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βλS1 = 4(3λ1 + 2λS + λS1)λS1 + (4λ3 + 2λ4)λS2
+ 2(λ2S12 + λ
2
S21)−
3
2
(3g2 + g′2 − 4y2t )λS1,
βλS2 = 4(3λ2 + 2λS + λS2)λS2 + (4λ3 + 2λ4)λS1
+ 2(λ2S12 + λ
2
S21)−
3
2
(3g2 + g′2)λS2,
βλS12 = 2(λ3 + 2λ4 + 2λS + 2λS1 + 2λS2)λS12
+ 6(λ5 + 2λ
′
S)λS21 −
3
2
(
3g2 + g′2 − 2y2t
)
λS12,
βλS21 = 2(λ3 + 2λ4 + 2λS + 2λS1 + 2λS2)λS21
+ 6(λ5 + 2λ
′
S)λS12 −
3
2
(
3g2 + g′2 − 2y2t
)
λS21.
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